We study state conversion in parity-time (PT) symmetry broken non-Hermitian two level system. We construct a theory and explain underlying mechanism for state conversion and define adiabatic evolutions in non-Hermitian systems. The adiabatic theorem can be used if initial state is an instantaneous eigenstate in Hermitian systems. We show that the system can adiabatically follow the modulationally stable instantaneous eigenstate sooner or later, regardless of initial state if the system parameters are varied slowly in non-Hermitian systems. We discuss the topological feature of dynamical circling in the parameter space.
I. INTRODUCTION
Exceptional points (EPs), first predicted decades ago by Kato [1] , occur in non-Hermitian systems when at least two eigenvalues and the corresponding eigenvectors coalesce [1] [2] [3] . EPs are not only of theoretical interest, but also of practical significance since they have some interesting effects such as unidirectional transparency [4] [5] [6] , lasing and anti-lasing in a cavity [7] , enhanced optical sensitivity [8, 9] and stopping of light [10] , to name a few. EPs have been experimentally realized in various physical systems [11] [12] [13] [14] [15] . In the literature, single order EP in non-Hermitian systems have been mainly investigated and higher order EPs have also attracted attention in recent years [16] [17] [18] [19] . EPs are believed to play essential roles in the theory of topological insulators in non-Hermitian systems. The extension of topological phase to non-Hermitian systems is relatively a new subfield of study and has recently attracted great deal of attention [20] [21] [22] . An interesting feature about EPs is the exchanging instantaneous eigenstates with each other in quasi-static limit [11] . On the other hand, only one of the eigenstates remarkably dominates at the end of the cycle if the EP is enclosed periodically in parameter space [23] [24] [25] [26] [27] [28] [29] [30] . The final state at the end of each cycle is shown to be determined only by the encirclement direction, regardless of the initial state. More specifically, reversing the direction of encircling the EP changes the final states. This implies that the standard adiabatic theory does not work in non-Hermitian systems. This interesting chiral behaviour have recently been confirmed in the optical [12, 27] and optomechanical [31] domains. We note that an anti parity-time (PT ) symmetric system was shown to have chiral dynamics if the starting and end points are in the parity-time broken phase [27] . Recently, two interesting papers appeared in the literature. In the first one, a robust asymmetric state exchange even away from the EP was shown to happen [32] . This finding challenged the previous belief that enclosing EP is necessary for chiral state conversion. In the second one, the dynamical encircling of an EP was shown both theoretically and experimentally to lead to a nonchiral behavior when the starting point is in the broken phase [33] . This shows that starting point in the parameter space plays an important role in the dynamics. These two papers opens discussion on the role of the EP on chiral state conversion. A theoretical model is needed to understand the underlying physics and reveal the role of EP, starting point and the direction and magnitude of angular speed. In this paper, we construct a theory to explain state conversion in non-Hermitian systems. We discuss adiabatic conditions and explore state exchange in both low and high frequency regimes. We consider closed trajectories in parameter space and show that state conversions can occur for trajectories either excluding or including exceptional points. Furthermore, we show that dynamical encircling has topological feature. We define stable and unstable eigenstates in non-Hermitian systems and show that any initial state eventually evolves to stable eigenstates.
II. STATE CONVERSION
We consider the following two-level time-dependent non-Hermitian Hamiltonian
where γ(t) is gain/loss strength, δ(t) is detuning and the tunneling amplitude is set to −1 for simplicity. The state vector can be found using H|ψ(t) >= i∂ t |ψ(t) >, where |ψ(t) >= {a(t), b(t)} T . Let us start to find the eigenstates analytically for the spacial case where γ(t) = γ 0 and δ(t) = δ 0 are constants. In this case, the non-orthogonal unnormalized eigenstates with eigenvalues E ∓ = ∓ 1 + (δ 0 + iγ 0 ) 2 are given by
We note that ψ + grows in time while ψ − decays when the signs of δ 0 and γ 0 are the same. The opposite is true if they have opposite signs. This can be seen from the imaginary part of the energy eigenvalues for these two states. Of special importance is the exceptional point, which occurs at γ 0 = ∓1 and δ 0 = 0. The unique state vector at the exceptional point is given by |ψ EP >= {1, ∓i} T with zero eigenvalue. We showed earlier that only the state with higher imaginary part of energy eigenvalue is modulationally (or dynamically) stable [34] . We discussed that any initial state but the dynamically stable eigenstate are unstable against amplitude modulation, which can arise due to unavoidable noises. Let Ψ 1 and Ψ 0 be the dynamically stable and unstable eigenstates whose imaginary parts of energy eigenvalues are positive and negative, respectively. Therefore Ψ 1 = ψ + and Ψ 0 = ψ − when Im{E + } > 0 and Ψ 1 = ψ − and Ψ 0 = ψ + when Im{E + } < 0. Below we study time evolution of any arbitrary initial state for the time-independent Hamiltonian, i.e., γ(t) = γ 0 and δ(t) = δ 0 .
A. Arbitrary initial states
Assume an arbitrary initial state: |ψ(t) >= {a 0 , b 0 } T , where a 0 and b 0 are complex numbers. Let us firstly discuss our problem qualitatively. Time evolution of an initial state can be studied in four cases: i-) γ 0 = ∓1 and δ 0 = 0, ii-) |γ 0 | < 1 and δ 0 = 0, ii-) γ 0 and δ 0 have the same signs iv-) γ 0 and δ 0 have the opposite signs. In the first case, the state at large times is always the exceptional state, |ψ(t)| >= {1, ∓i} T , regardless of the initial state. This is because there is only one eigenstate at the EP, and any initial state will eventually be the exceptional state. In the second case, energy eigenvalues are real and any initial state oscillates between ψ + and ψ − . In the last two cases, the PT symmetry is broken and the energy eigenvalues are complex whose imaginary part is positive for Ψ 1 and negative for Ψ 0 . Therefore, Ψ 1 grows in time while Ψ 0 decays. In other words, the state at large times is always ψ + (ψ − ) if the signs of δ 0 and γ 0 are the same (opposite to each other). Having discussed the problem qualitatively, let us now perform analytical calculations. If we solve the corresponding equation, we find the solution exactly
where
We are interested in large time behaviour. A rigorous way to identify the state at large times is to calculate the ratio b(t) a(t)
. As a special case with γ 0 = ∓1 and δ = 0, we obtain a(t) ∼ i(b 0 ± ia 0 ) t and b(t) = i(a 0 ∓ib 0 ) t for large values of time. Then the ratio at large times becomes b(t) a(t) ∼ ∓i. This implies that an arbitrary initial state will eventually be the exceptional state at γ 0 = ∓1. Consider next |γ 0 | < 1 and δ 0 = 0. In this case, ν becomes purely imaginary and a(t) and b(t) change periodically in time. The system oscillates between the two eigenstates and the oscillation depends on the initial values a 0 and b 0 . For the last two cases, we can derive the ratio for large values of time. If γ 0 and δ 0 have the same signs, then the ratio at large times becomes
which is independent of a 0 and b 0 . This means that the state always becomes ψ + , regardless of the initial state as can be easily seen by inspecting Equ. (2) . Conversely, if γ 0 and δ 0 have the opposite signs, then the ratio at large times becomes
In this case, the state always evolves to ψ − no matter what the initial state is. These two ratios show us that the system's behavior at large times does not depend on the initial values a 0 and b 0 in the PT -broken region. To this end, we note that the formulas (4) and (5) are replaced under time reversal t→ − t in Equ. (3). Our analytical treatment shows that any initial state collapses into the dynamically stable eigenstate Ψ 1 at large times in the PT -broken region. A question arises. How long does it take for the system to be in the eigenstate Ψ 1 for a given initial state? We can now define relaxation time t c as the time required for being in the dynamically stable eigenstate. It is a time scale that characterizes the state conversion of an initial state into the least decaying eigenstate. We say that the relaxation time depends on the initial conditions and decreases with increasing imaginary part of energy eigenvalues. The Fig.1 plots the real and imaginary parts of the ratio b/a for various values of γ 0 and δ 0 . As can be seen from (a) and (c), the system makes oscillations with the period T = 2π/E + when |γ 0 | < 1 and δ = 0. If γ 0 is very close to 1 as in (a), then the oscillation is interesting. The system wants to be in the eigenstate ψ + but is required to make an oscillation, too. Consequently, one can see a rapid transition into the initial state at the end of each period. In Fig.1 (b) and (d), the system is in the PT -broken region and the initial states evolve to ψ + at large times as expected. State conversion of the unstable eigenstate: In timeindependent Hermitian systems, if the initial state is an eigenstate of the system, then it remains in that eigenstate. In non-Hermitian systems, this is not always true [34] as unavoidable noises in the system leads to modulational instability. If the initial state is the eigenstate Ψ 1 , then it remains in that eigenstate. However, an initial Ψ 0 is not robust as instability occurs under an infinitesimal perturbation. More specifically, it remains in that eigenstate when t < t c and then makes a rapid transition into the least decaying eigenstate. The Fig.2 plots the ratio b/a when the system is initially assumed to be in the eigenstate Ψ 0 with small perturbation. The state
The real (thick) and imaginary (dashed) parts of the ratio b(t)/a(t) for the initial state |ψ(t = 0) >= {1, 1}
T for the time-independent Hamiltonian. The system makes oscillations between ψ+ and ψ− with the period T = 2π/E+ when |γ0| < 1 and δ = 0 (a, c). If γ0 is very close to 1 as in (a), then ψ+ becomes dominant in the oscillation. The state at large times is always ψ+ when γ0 and δ0 have the same signs.
FIG. 2: The real (black) and imaginary (gray) parts of the ratio b(t)/a(t).
The system is initially prepared in the eigenstate Ψ0. Note that Ψ0 is ψ− when δ0 > 0 and ψ+ when δ0 < 0 (if γ0 > 0). We add very small amplitude modulation on the initial state and we see that the system keeps its initial state for a while and then makes a rapid transition into the eigenstate Ψ1.
conversion occurs after some time. As the perturbation gets stronger, the state conversion occurs more rapidly. As can be seen from (a), the EP has nothing to do with the state conversion.
III. ADIABATIC EVOLUTION
So far, we have studied the time-independent system. We are now in position to study the time-dependent system. Assume that the parameters γ(t) and δ(t) change slowly in time. Let us explore adiabatic evolution in this regime. The instantaneous eigenstates for given γ(t) and δ(t) are defined as ψ ∓ (t) = 1 δ + iγ ± 1 + (δ + iγ) 2 (2). As we did before, we define Ψ 1 (t) and Ψ 0 (t) as modulationally stable and unstable instantaneous eigenstate that has higher (lower) imaginary part of instantaneous energy eigenvalues, respectively. Let us write two important conditions in non-Hermitian extension of adiabatic evolution in PT -broken region
• Adiabatic evolution: The system remains in its instantaneous eigenstate iff the instantaneous eigenstate is modulationally stable. Otherwise, state conversion always occurs.
• Relaxation towards adiabatic evolution: Any initial state collapses into the modulationally stable instantaneous eigenstate. Therefore adiabatic evolution occurs in the system (just after the state conversion), regardless of the initial state provided that the modulationally stable instantaneous eigenstate is fixed in time.
The former statement is similar to the one in Hermitian system with the exception that not all instantaneous eigenstates but only the modulationally stable instantaneous eigenstate can be adiabatically followed. The latter statement is unique to non-Hermitian system. In Hermitian system, one must start with the instantaneous eigenstate to apply the adiabatic theorem. However, adiabatic theorem can be applied for any initial state in nonHermitian systems. If the system parameters are varied slowly, then the system follows the modulationally stable instantaneous eigenstate sooner or later.
A. Closed trajectories in the parameter space Suppose γ(t) and δ(t) change periodically in time with a constant angular frequency (They form a closed loop in the parameter space). There are two characteristic time scales in the system. These are the period T and relaxation time t c . We consider the low frequency regime where T >> t c and assume that the initial state is arbitrary. Since the frequency is low, the system has enough time in one cycle for a state conversion into Ψ 1 (t), which implies that the initial state becomes unimportant in the dynamics of the system before the system makes one cycle. One can say that adiabatic evolution occurs if there is no more state conversion in the system, which is possible if γ(t) and δ(t) have either the same or opposite signs at all time. In this case, the system remains in Ψ 1 (t) for t > t c . On the other hand, if γ(t) and δ(t) change their signs relatively, adiabatic evolution is impossible since state conversion between ψ + and ψ − occurs periodically in each cycle. The simplest closed trajectory in the parameter space is the circular loop where γ(t) and δ(t) change periodically in time with period T = 2π/ω.
where |ρ| < |γ 0 | is the radius of the loop, (γ 0 − ρ, δ 0 ) is the center of the circular trajectory in the parameter space, ω is the angular frequency and φ 0 is the initial phase. Note that positive and negative values of the angular frequency denote clockwise (c.w.) and counterclockwise (c.c.w.) circling directions, respectively. Depending on the specific values of γ 0 and ρ, the EP can either be inside or outside of the trajectory. In order to explore topological feature of the dynamics, we will start with this circular trajectory and then consider deformed trajectories. Let us define the complex fidelity for the system with time-dependent state ψ(t) = {a(t), b(t)} T as
where the denominator is also equal the ratio b/a for the instantaneous states. If F ∓ = 1, then the system is in its instantaneous state ψ ∓ . In Fig. 3 , we plot the fidelities for 3 different trajectories as a function of τ = 2πt/ω at ω = 0.1. The trajectories are circular and deformed loops in the 1st quadrant and elliptic loop in the 4th quadrant in the parameter space as shown in Fig. 3 (d) . They are chosen in such a way that γ(t) and δ(t) have either the same or opposite signs at all points on the trajectories, which lead to adiabatic evolution. We assume that the initial state is ψ(t = 0) = {1, 0} T . We see that the corresponding fidelities for all trajectories rapidly become 1 (t c is small) and then remain to be equal to 1. Consequently, we reach two important conclusions. Firstly, circling on the loop is topological in the sense that any deformation of the loop does not change the result as long as the deformed loop stay in the same quadrant in the parameter space. Secondly, an initial state eventually reach the adiabatically evolved state. Any initial state in such systems follows the adiabatic solution sooner or later, which is a unique feature of non-Hermitian systems. Note that the fidelity would be 1 for all time if the initial state is the modulationally stable instantaneous state. A question arises. What happens if γ(t) and δ(t) change fast, i. e., T << t c . Does the system still follow the modulationally stable instantaneous eigenstate Ψ 1 ? The answer is No as expected. In Fig. 4 , we plot the fidelities for a circular trajectory depicted in the 1st quadrant in Fig. 3 (d) at large ω. In this regime, the system doesn't follow Ψ 1 adiabatically. Suppose next that the slowly changing parameters γ(t) and δ(t) change their signs relatively during time. In Fig.  5 (d) , one can see three such trajectories, where the EP is not encircled. Note that ψ + (ψ − ) is the modulationally stable instantaneous eigenstate in the 1st and 3rd (2nd and 4th ) quadrants. In this case, adiabatic evolution is not possible since the modulationally stable instantaneous eigenstate switches between ψ + (t) and ψ − (t). The sign of ω and the initial phase φ 0 play important roles in the dynamics since there is competition between ψ + and ψ − . For example, consider the circular trajectories in Fig  5 (d) with φ 0 = 0. The system first collapses into ψ + after relaxation and then state conversion into ψ − occurs for clockwise direction. This is reversed for counterclockwise direction. In Fig. 5 (a-c) , we plot the fidelities for each trajectories for the initial state {1, 0}
T and the initial phase φ 0 = 0 at ω = 0.1. In Fig. 5 (a) , the trajectory is elliptical and placed mostly in the first quarter where ψ + (t) is the stable instantaneous eigenstate. Therefore the fidelity F + becomes 1 at t c ∼ 0.4. After relaxation time, no other state conversion occurs. This is because the system spends less time in the second quarter than the time required for state conversion. In Fig 5 (b) and (c), we plot the fidelities for the two circular trajectories excluding the EP. One of them is near to the origin, which shows that it has higher relaxation time. Note that as the imaginary part of energy eigenvalue increases, the relaxation time is decreased and state conversion becomes more visible. This can be seen by comparing Fig 5 (b) and (c). In the latter one, relaxation time is smaller and F − alternates between 1 and 0, which shows that the system collapses into ψ − and ψ + in an alternating way, regardless of the initial state. Note that this is reversed if we change the circling direction. Finally let us consider closed loops including the exceptional point. In this case, one can certainly say that γ(t) and δ(t) change their signs relatively during time. In Fig.  6 (d) , we see 3 such loops. The relative change of their signs happens 2 and 4 times in each cycle for the loops (a,c) and (b), respectively. As a result, state exchange between the instantaneous states occurs repeatedly. This means that adiabatic evolution is not possible if the EP is encircled. This can be seen from the Fig 6 (a,b,c) since the corresponding fidelities vary in time. The initial state is not important after relaxation time but the initial phase and the circling direction play an important role in the dynamics since they determine the exact position on the loop at which the state conversion occurs. Let us compare the findings in Fig. 5 and Fig 6. We see similar results, which imply that not the inclusion or exclusion of the EP but the exchange of modulationally stable state plays important roles in the dynamics. If the modulationally stable state is fixed in time, then adiabatic evolution is possible even if the initial state is not an instantaneous eigenstate. If it is not fixed in time, state exchange depending on the initial phase and the circling direction occurs. High frequency regime: We have explored adiabatic evolution and state conversion in the low frequency regime. Let us now study what happens if the system parameters change fast in a circular loop (T >> t c ). In this case, the system comes to its initial position on the circular loop before the state conversion occurs. Furthermore, the system has not enough time to adapt itself to follow the instantaneous eigenstate at any instant. Therefore, it is a good idea to consider the average values of the timedependent parameters in one period. They are given by γ(t) = γ 0 and δ(t) = δ 0 . We expect that exclusion or inclusion of the EP plays an important role in the dynamics. We propose to start with the solution (3) to study the dynamics in the high frequency regime. We claim that a small amplitude oscillation with angular frequency ω on the solution (3) occurs. Furthermore, we expect that the amplitude of this oscillation decreases with increasing ω and decreasing ρ. To confirm our qualitative predictions, we perform numerical computations. The and δ = 0 as in (c,d), the oscillation occurs around the solution ψ + . We stress that the long time dynamics is independent of the initial states.
IV. DISCUCSSION
In this paper, we have considered the time-dependent 2 × 2 non-Hermitian Hamiltonian. Consider a general time-independent N ×N non-Hermitian Hamiltonian. The system may have N ′ th order exceptional points, where N ′ ≤N . The non-Hermitian Hamiltonian have N − N ′ distinct energy eigenvalues at given parameters. Consider the state ψ that has the highest imaginary part of energy eigenvalues. Then any initial state will evolve to this state. If there are two such states, there exists oscillation between them. If there is another state whose imaginary part of energy eigenvalues is close to that of ψ, then it takes more time for the system to evolve to ψ for any arbitrary state. We have discussed that modulationally stable eigenstate is preferred in time, regardless of initial states. Unfortunately, this state grows exponentially in time (the imaginary part of its energy eigenvalue is positive). This may pose some problems for some practical applications. Let 4), we see that adiabatic evolution is not possible if the EP is encircled. This is because of the fact that modulatioanally stable state is not fixed for loops including the EP.
FIG. 7:
The real (black) and imaginary (gray) parts of the ratio b/a at ω = 2π for the initial state |ψ(0) >= {1, 1}
T . At large times, the system makes oscillations around the stable eigenstate Ψ1, regardless of the initial states. As can be seen, the amplitude of the oscillation decreases with γ0 but increases with ρ.
us consider the following loss-dominant Hamiltonian (3) is transformed as exp (−|E +,I |t) ψ(t). Using the large time approximations sinh(νt) ∼ exp(νt)/2i and cosh(νt) ∼ exp(νt)/2 in (3), we find that |ψ(t) > neither grows nor decays in time for large values of time. PT symmetric region: The eigenstates have real valued eigenvalues. Therefore they neither grow nor decay in time. However, any superposition of the eigenstates leads to the so-called power oscillation effect (the total density oscillates in time) PT -broken region: The eigenstates have complex valued eigenvalues. The system collapses into the modulationally stable eigenstate at large times, regardless of initial states. If the highest imaginary part of energy eigenvalues is zero for a loss-dominant Hamiltonian, the total density decays initially and then remains constant, regardless of initial state.
V. CONCLUSION
In this paper, we have studied time evolution of an arbitrary state in a non-Hermitian system. We have particularly studied dynamic encirclement of exceptional point and analyzed state conversions around exceptional points. We have discussed that initial states are not important in the dynamics of the system in the PT symmetry broken region. We have shown that the state at large times becomes always the modulationally stable instantaneous eigenstate, regardless of the initial state. We have analyzed adiabatic conditions in our system. On page 3, we give two statements for the non-Hermitian extension of adiabatic evolution. In Hermitian system, one must start with the instantaneous eigenstate to apply the adiabatic theorem. However, adiabatic theorem can be applied for any initial state in non-Hermitian systems. If the system parameters are varied slowly, then the system follows the modulationally stable instantaneous eigenstate sooner or later.
